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============

It is known that variational inequality, as a greatly important tool, has already been studied for a wide class of unilateral, obstacle, and equilibrium problems arising in several branches of pure and applied sciences in a unified and general framework. Many numerical methods have been developed for solving variational inequalities and some related optimization problems; see \[[@CR2]--[@CR5]\] and the references therein.

The split monotone variational inclusion problem, which is the core of the modeling of many inverse problems arising in phase retrieval and other real-world problems, has been widely studied in sensor networks, intensity-modulated radiation therapy treatment planning, data compression, and computerized tomography in recent years; see, e.g., \[[@CR6]--[@CR10]\] and the references therein.

Split monotone variational inclusion problem (in short, SMVIP) was firstly introduced by Moudafi \[[@CR11]\] as follows: find $\documentclass[12pt]{minimal}
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It is easily seen that averaged mappings are nonexpansive. In the meantime, firmly nonexpansive mappings are averaged.
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Proposition 2.1 {#FPar2}
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Proposition 2.3 {#FPar4}
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Proposition 2.4 {#FPar5}
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Proposition 2.5 {#FPar6}
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In order to prove our main results, we need the following lemmas.
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Main results {#Sec3}
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-----
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Lemma 3.2 {#FPar17}
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Proof {#FPar18}
-----

The proof of the lemma is divided into four steps.
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                \begin{document} $$\begin{aligned} & \Vert x_{n+1}-p \Vert ^{2} \\ &\quad = \bigl\Vert P_{C} \bigl[\alpha_{n}\tau Fx_{n}+\gamma_{n}x_{n}+ \bigl((1-\gamma _{n})I-\alpha_{n}\mu V \bigr)y_{n} \bigr]-p \bigr\Vert ^{2} \\ &\quad \leq \bigl\Vert \alpha_{n}\tau Fx_{n}+ \gamma_{n}x_{n}+ \bigl((1-\gamma _{n})I- \alpha_{n}\mu V \bigr)y_{n}-p \bigr\Vert ^{2} \\ &\quad = \bigl\Vert \alpha_{n}(\tau Fx_{n}-\mu Vp)+ \gamma_{n}(x_{n}-p)+ \bigl[(1-\gamma _{n})I- \alpha_{n}\mu V \bigr]y_{n}- \bigl[(1-\gamma_{n})I- \alpha_{n}\mu V \bigr]p \bigr\Vert ^{2} \\ &\quad \leq \bigl\Vert \alpha_{n}(\tau Fx_{n}-\mu Vp)+ \bigl[(1-\gamma_{n})I-\alpha _{n}\mu V \bigr]y_{n}- \bigl[(1-\gamma_{n})I-\alpha_{n}\mu V \bigr]p \bigr\Vert ^{2} \\ & \qquad {} +\gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2}+2\gamma_{n} \Vert x_{n}-p \Vert \bigl\Vert \alpha _{n}(\tau Fx_{n}-\mu Vp) \\ & \qquad {} + \bigl[(1-\gamma_{n})I-\alpha_{n}\mu V \bigr]y_{n}- \bigl[(1-\gamma_{n})I-\alpha _{n}\mu V \bigr]p \bigr\Vert \\ &\quad \leq \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert y_{n}-p \Vert ^{2}+\alpha_{n}^{2} \Vert \tau Fx_{n}-\mu Vp \Vert ^{2} \\ & \qquad {} +2\alpha_{n} \biggl[1-\gamma_{n}- \alpha_{n}\mu \biggl(\eta-\frac{\alpha _{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr] \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert \\ & \qquad {}+ \gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} +2\gamma_{n} \Vert x_{n}-p \Vert \bigl\{ \alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \\ &\qquad {}+ \bigl\Vert \bigl[(1-\gamma_{n})I-\alpha_{n}\mu V \bigr]y_{n}- \bigl[(1-\gamma_{n})I-\alpha _{n}\mu V \bigr]p \bigr\Vert \bigr\} \\ &\quad \leq \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert u_{n}-p \Vert ^{2}+\alpha_{n}^{2} \Vert \tau Fx_{n}-\mu Vp \Vert ^{2} \\ & \qquad {} +2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert +\gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ & \qquad {} +2\gamma_{n} \Vert x_{n}-p \Vert \biggl\{ \alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \biggl[1- \gamma_{n}-\alpha_{n}\mu \biggl(\eta-\frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr] \Vert y_{n}-p \Vert \biggr\} \\ &\quad \leq \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \bigl[ \Vert x_{n}-p \Vert ^{2}+\gamma(r\gamma-1) \bigl\Vert (U-I)Ax_{n} \bigr\Vert ^{2} \bigr] \\ & \qquad {} +\alpha_{n}^{2} \Vert \tau Fx_{n}- \mu Vp \Vert ^{2}+2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert + \gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ & \qquad {} +2\gamma_{n} \Vert x_{n}-p \Vert \bigl( \alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \Vert y_{n}-p \Vert \bigr), \end{aligned}$$ \end{document}$$ which implies $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2}\gamma(1-r\gamma) \bigl\Vert (U-I)Ax_{n} \bigr\Vert ^{2} \\ &\quad \leq \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert x_{n}-p \Vert ^{2}+\alpha_{n}^{2} \Vert \tau Fx_{n}-\mu Vp \Vert ^{2} \\ &\qquad {}+2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert +\gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ &\qquad {}+2\gamma_{n} \Vert x_{n}-p \Vert \bigl(\alpha _{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \Vert y_{n}-p \Vert \bigr)- \Vert x_{n+1}-p \Vert ^{2} \\ &\quad \leq \Vert x_{n}-p \Vert ^{2}+ \biggl[ \gamma_{n}+\alpha_{n}\mu \biggl(\eta-\frac{\alpha _{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert x_{n}-p \Vert ^{2}+ \alpha_{n}^{2} \Vert \tau Fx_{n}-\mu Vp \Vert ^{2} \\ & \qquad {} +2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert +\gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2}+2\gamma_{n} \Vert x_{n}-p \Vert \bigl(\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \\ & \qquad {} + \Vert y_{n}-p \Vert \bigr)- \Vert x_{n+1}-p \Vert ^{2} \\ &\quad \leq \biggl[\gamma_{n}+\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert x_{n}-p \Vert ^{2}+\alpha_{n}^{2} \Vert \tau Fx_{n}-\mu Vp \Vert ^{2} \\ & \qquad {} +2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert +\gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ &\qquad {}+2\gamma_{n} \Vert x_{n}-p \Vert \bigl(\alpha _{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \Vert y_{n}-p \Vert \bigr) \\ & \qquad {} + \Vert x_{n}-x_{n+1} \Vert \bigl( \Vert x_{n}-p \Vert + \Vert x_{n+1}-p \Vert \bigr). \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert u_{n}-p \Vert ^{2}&= \bigl\Vert J^{B_{1}}_{\lambda_{1}} \bigl[x_{n}+\gamma A^{\ast }(U-I)Ax_{n} \bigr]-J^{B_{1}}_{\lambda_{1}}p \bigr\Vert ^{2} \\ &\leq \bigl\langle J^{B_{1}}_{\lambda_{1}} \bigl[x_{n}+\gamma A^{\ast }(U-I)Ax_{n} \bigr]-J^{B_{1}}_{\lambda_{1}}p, x_{n}+\gamma A^{\ast }(U-I)Ax_{n}-p \bigr\rangle \\ &= \bigl\langle u_{n}-p, x_{n}+\gamma A^{\ast}(U-I)Ax_{n}-p \bigr\rangle \\ &=\frac{1}{2} \bigl( \Vert u_{n}-p \Vert ^{2}+ \bigl\Vert x_{n}+\gamma A^{\ast}(U-I)Ax_{n}-p \bigr\Vert ^{2} \\ &\quad {}- \bigl\Vert (u_{n}-p)- \bigl[x_{n}+ \gamma A^{\ast}(U-I)Ax_{n}-p \bigr] \bigr\Vert ^{2} \bigr) \\ &\leq\frac{1}{2} \bigl[ \Vert u_{n}-p \Vert ^{2}+ \Vert x_{n}-p \Vert ^{2}+\gamma(r \gamma-1) \bigl\Vert (U-I)Ax_{n} \bigr\Vert ^{2} \\ &\quad {}- \bigl\Vert u_{n}-x_{n}-\gamma A^{\ast}(U-I)Ax_{n} \bigr\Vert ^{2} \bigr] \\ &\leq\frac{1}{2} \bigl[ \Vert u_{n}-p \Vert ^{2}+ \Vert x_{n}-p \Vert ^{2}- \bigl\Vert u_{n}-x_{n}-\gamma A^{\ast}(U-I)Ax_{n} \bigr\Vert ^{2} \bigr] \\ &=\frac{1}{2} \bigl[ \Vert u_{n}-p \Vert ^{2}+ \Vert x_{n}-p \Vert ^{2}- \Vert u_{n}-x_{n} \Vert ^{2}-\gamma^{2} \bigl\Vert A^{\ast}(U-I)Ax_{n} \bigr\Vert ^{2} \\ &\quad {}+2\gamma \bigl\langle u_{n}-x_{n}, A^{\ast}(U-I)Ax_{n} \bigr\rangle \bigr] \\ &\leq\frac{1}{2} \bigl[ \Vert u_{n}-p \Vert ^{2}+ \Vert x_{n}-p \Vert ^{2}- \Vert u_{n}-x_{n} \Vert ^{2}+2\gamma \bigl\langle u_{n}-x_{n}, A^{\ast}(U-I)Ax_{n} \bigr\rangle \bigr] \\ &=\frac{1}{2} \bigl[ \Vert u_{n}-p \Vert ^{2}+ \Vert x_{n}-p \Vert ^{2}- \Vert u_{n}-x_{n} \Vert ^{2}+2\gamma \bigl\langle A(u_{n}-x_{n}), (U-I)Ax_{n} \bigr\rangle \bigr] \\ &\leq\frac{1}{2} \bigl[ \Vert u_{n}-p \Vert ^{2}+ \Vert x_{n}-p \Vert ^{2}- \Vert u_{n}-x_{n} \Vert ^{2}+2\gamma \bigl\Vert A(u_{n}-x_{n}) \bigr\Vert \bigl\Vert (U-I)Ax_{n} \bigr\Vert \bigr], \end{aligned}$$ \end{document}$$ and hence $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \|u_{n}-p\|^{2}\leq\|x_{n}-p\|^{2}-\| u_{n}-x_{n}\|^{2}+2\gamma \bigl\Vert A(u_{n}-x_{n}) \bigr\Vert \bigl\Vert (U-I)Ax_{n} \bigr\Vert . $$\end{document}$$ In view of ([3.18](#Equ37){ref-type=""}) and ([3.20](#Equ39){ref-type=""}), we obtain $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \Vert x_{n+1}-p \Vert ^{2} \\ &\quad \leq \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert u_{n}-p \Vert ^{2}+\alpha_{n}^{2} \Vert \tau Fx_{n}-\mu Vp \Vert ^{2} \\ & \qquad {} +2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert +\gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ & \qquad {} +2\gamma_{n} \Vert x_{n}-p \Vert \biggl\{ \alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \biggl[1- \gamma_{n}-\alpha_{n}\mu \biggl(\eta-\frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr] \Vert y_{n}-p \Vert \biggr\} \\ &\quad \leq \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert u_{n}-p \Vert ^{2}+\alpha_{n}^{2} \Vert \tau Fx_{n}-\mu Vp \Vert ^{2} \\ & \qquad {} +2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert +\gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ &\qquad {}+2\gamma_{n} \Vert x_{n}-p \Vert \bigl(\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \Vert y_{n}-p \Vert \bigr) \\ &\quad \leq \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \bigl[ \Vert x_{n}-p \Vert ^{2}- \Vert u_{n}-x_{n} \Vert ^{2} \\ &\qquad {}+2\gamma \bigl\Vert A(u_{n}-x_{n}) \bigr\Vert \bigl\Vert (U-I)Ax_{n} \bigr\Vert \bigr]+\alpha_{n}^{2} \Vert \tau Fx_{n}- \mu Vp \Vert ^{2} \\ & \qquad {}+2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert + \gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ & \qquad {} +2\gamma_{n} \Vert x_{n}-p \Vert \bigl( \alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \Vert y_{n}-p \Vert \bigr) \\ &\quad \leq \Vert x_{n}-p \Vert ^{2}+ \biggl[ \gamma_{n}+\alpha_{n}\mu \biggl(\eta-\frac{\alpha _{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert x_{n}-p \Vert ^{2} \\ &\qquad {}- \biggl[1-\gamma _{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma _{n})} \biggr) \biggr]^{2} \Vert u_{n}-x_{n} \Vert ^{2} \\ & \qquad {} +2\gamma \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta-\frac{\alpha _{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \bigl\Vert A(u_{n}-x_{n}) \bigr\Vert \bigl\Vert (U-I)Ax_{n} \bigr\Vert \\ & \qquad {}+\alpha_{n}^{2} \Vert \tau Fx_{n}-Vp \Vert ^{2} +2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert +\gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ &\qquad {}+2\gamma_{n} \Vert x_{n}-p \Vert \bigl(\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \Vert y_{n}-p \Vert \bigr), \end{aligned}$$ \end{document}$$ which hence implies that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} & \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta- \frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert u_{n}-x_{n} \Vert ^{2} \\ &\quad \leq \Vert x_{n}-p \Vert ^{2}- \Vert x_{n+1}-p \Vert ^{2}+ \biggl[\gamma_{n}+ \alpha_{n}\mu \biggl(\eta-\frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert x_{n}-p \Vert ^{2} \\ & \qquad {} +2\gamma \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta-\frac{\alpha _{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \bigl\Vert A(u_{n}-x_{n}) \bigr\Vert \bigl\Vert (U-I)Ax_{n} \bigr\Vert \\ & \qquad {} +\alpha_{n}^{2} \Vert \tau Fx_{n}- \mu Vp \Vert ^{2}+2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert + \gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ & \qquad {} +2\gamma_{n} \Vert x_{n}-p \Vert \bigl( \alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \Vert y_{n}-p \Vert \bigr) \\ &\quad \leq \Vert x_{n}-x_{n+1} \Vert \bigl( \Vert x_{n}-p \Vert + \Vert x_{n+1}-p \Vert \bigr)+ \biggl[ \gamma_{n}+\alpha _{n}\mu \biggl(\eta-\frac{\alpha_{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \Vert x_{n}-p \Vert ^{2} \\ &\qquad {} +2\gamma \biggl[1-\gamma_{n}-\alpha_{n}\mu \biggl(\eta-\frac{\alpha _{n}\mu K^{2}}{2(1-\gamma_{n})} \biggr) \biggr]^{2} \bigl\Vert A(u_{n}-x_{n}) \bigr\Vert \bigl\Vert (U-I)Ax_{n} \bigr\Vert \\ &\qquad {} +\alpha_{n}^{2} \Vert \tau Fx_{n}- \mu Vp \Vert ^{2}+2\alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert \Vert y_{n}-p \Vert + \gamma_{n}^{2} \Vert x_{n}-p \Vert ^{2} \\ & \qquad {} +2\gamma_{n} \Vert x_{n}-p \Vert \bigl( \alpha_{n} \Vert \tau Fx_{n}-\mu Vp \Vert + \Vert y_{n}-p \Vert \bigr). \end{aligned}$$ \end{document}$$ From conditions (ii), (iv), ([3.17](#Equ36){ref-type=""}), and ([3.19](#Equ38){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert x_{n+1}-p \Vert ^{2}&= \bigl\Vert P_{C} \bigl[\alpha_{n}\tau Fx_{n}+\gamma _{n}x_{n}+ \bigl((1-\gamma_{n})I- \alpha_{n}\mu V \bigr)y_{n} \bigr]-p \bigr\Vert ^{2} \\ &\leq \bigl\Vert \alpha_{n}\tau Fx_{n}+ \gamma_{n}x_{n}+ \bigl((1-\gamma _{n})I- \alpha_{n}\mu V \bigr)y_{n}-p \bigr\Vert ^{2} \\ &= \bigl\Vert \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+\gamma _{n}(x_{n}-y_{n})+y_{n}-p \bigr\Vert ^{2} \\ &= \Vert y_{n}-p \Vert ^{2}+ \bigl\Vert \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+\gamma _{n}(x_{n}-y_{n}) \bigr\Vert ^{2} \\ & \quad {} +2 \bigl\langle \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+\gamma _{n}(x_{n}-y_{n}), y_{n}-p \bigr\rangle \\ &\leq \Vert v_{n}-p \Vert ^{2}+ \bigl\Vert \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+\gamma _{n}(x_{n}-y_{n}) \bigr\Vert ^{2} \\ & \quad {} +2 \bigl\langle \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+\gamma _{n}(x_{n}-y_{n}), y_{n}-p \bigr\rangle \\ &\leq \Vert u_{n}-p \Vert ^{2}+\xi(\xi-2\delta) \Vert Du_{n}-Dp \Vert ^{2}+ \bigl\Vert \alpha _{n}( \tau Fx_{n}-\mu Vy_{n})+\gamma_{n}(x_{n}-y_{n}) \bigr\Vert ^{2} \\ & \quad {} +2 \bigl\langle \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+\gamma _{n}(x_{n}-y_{n}), y_{n}-p \bigr\rangle \\ &\leq \Vert x_{n}-p \Vert ^{2}+\xi(\xi-2\delta) \Vert Du_{n}-Dp \Vert ^{2}+ \bigl\Vert \alpha _{n}( \tau Fx_{n}-\mu Vy_{n})+\gamma_{n}(x_{n}-y_{n}) \bigr\Vert ^{2} \\ & \quad {} +2 \bigl\langle \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+\gamma _{n}(x_{n}-y_{n}), y_{n}-p \bigr\rangle , \end{aligned}$$ \end{document}$$ and hence $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\xi(2\delta-\xi) \Vert Du_{n}-Dp \Vert ^{2} \\ &\quad \leq \Vert x_{n}-p \Vert ^{2}- \Vert x_{n+1}-p \Vert ^{2}+ \bigl\Vert \alpha_{n}( \tau Fx_{n}-\mu V y_{n})+\gamma_{n}(x_{n}-y_{n}) \bigr\Vert ^{2} \\ &\qquad {} +2 \bigl\langle \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+\gamma _{n}(x_{n}-y_{n}), y_{n}-p \bigr\rangle \\ &\quad \leq \Vert x_{n}-x_{n+1} \Vert \bigl( \Vert x_{n}-p \Vert + \Vert x_{n+1}-p \Vert \bigr)+ \bigl\Vert \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+ \gamma_{n}(x_{n}-y_{n}) \bigr\Vert ^{2} \\ &\qquad {} +2 \bigl\langle \alpha_{n}(\tau Fx_{n}-\mu Vy_{n})+\gamma _{n}(x_{n}-y_{n}), y_{n}-p \bigr\rangle \\ &\quad \leq \Vert x_{n}-x_{n+1} \Vert \bigl( \Vert x_{n}-p \Vert + \Vert x_{n+1}-p \Vert \bigr)+ \bigl( \alpha_{n} \Vert \tau Fx_{n}-\mu Vy_{n} \Vert +\gamma_{n} \Vert x_{n}-y_{n} \Vert \bigr)^{2} \\ & \qquad {} +2 \bigl(\alpha_{n} \Vert \tau Fx_{n}-\mu Vy_{n} \Vert +\gamma_{n} \Vert x_{n}-y_{n} \Vert \bigr) \Vert y_{n}-p \Vert . \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
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Theorem 3.1 {#FPar19}
-----------
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Proof {#FPar20}
-----

Combining the proof of Lemma [3.1](#FPar15){ref-type="sec"} with the proof of Lemma [3.2](#FPar17){ref-type="sec"}, we can obtain the conclusion. □

Remark 3.1 {#FPar21}
----------
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In Theorem [3.1](#FPar19){ref-type="sec"}, if $\documentclass[12pt]{minimal}
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Corollary 3.1 {#FPar22}
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Numerical examples {#Sec4}
==================

The purpose of this section is to give an example and numerical results to support Theorem [3.1](#FPar19){ref-type="sec"}.

Example 4.1 {#FPar23}
-----------
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Figure [1](#Fig1){ref-type="fig"} shows the convergence of the iterative sequence of Algorithm [4.2](#FPar24){ref-type="sec"}. Figure 1The convergence of $\documentclass[12pt]{minimal}
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Solution: We can see from both Table [1](#Tab1){ref-type="table"} and Fig. [1](#Fig1){ref-type="fig"} that the sequence $\documentclass[12pt]{minimal}
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Results and discussion {#Sec5}
======================

In this paper, we propose a new iterative scheme for finding a solution of SMVIP ([1.3](#Equ3){ref-type=""}) with the constraints of a variational inequality and a fixed point problem of a finite family of strict pseudo-contractions in real Hilbert spaces. Moreover, we prove a strong convergence theorem for this iterative scheme.

In our main result, we not only give the definite domains and ranges of $\documentclass[12pt]{minimal}
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                \begin{document}$B_{2}$\end{document}$ to make sure our iterative scheme ([1.7](#Equ7){ref-type=""}) well-defined, but also modify the iterative scheme ([1.6](#Equ6){ref-type=""}) of Jitsupa et al. by adding the projection operator. Our result can be applied to finding a common solution of SMVIP ([1.3](#Equ3){ref-type=""}), VIP ([2.7](#Equ14){ref-type=""}), and fixed point problem of a finite family of strict pseudo-contraction mappings instead of SVIP ([1.2](#Equ2){ref-type=""}) and fixed point problem of a finite family of strict pseudo-contraction mappings. Thus, our result improves and extends the result in \[[@CR1]\].

Conclusions {#Sec6}
===========

In this paper, we first propose a modified iterative scheme ([1.7](#Equ7){ref-type=""}) and then prove the strong convergence of the sequence $\documentclass[12pt]{minimal}
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                \begin{document}$\{x_{n}\}$\end{document}$ generated by ([1.7](#Equ7){ref-type=""}) to a common solution of SMVIP ([1.3](#Equ3){ref-type=""}), VIP ([2.7](#Equ14){ref-type=""}), and a fixed point problem under suitable conditions. Finally, we give a numerical example to support our strong convergence result. As a result, our result includes, improves, and enriches the corresponding ones announced by some others, see, e.g., \[[@CR1], [@CR12], [@CR13]\].

Experimental {#Sec7}
============

A numerical experiment is provided to support our iterative scheme in Algorithm [4.2](#FPar24){ref-type="sec"}, Table [1](#Tab1){ref-type="table"} and Fig. [1](#Fig1){ref-type="fig"} above indicate the strong convergence of Algorithm [4.2](#FPar24){ref-type="sec"}. Therefore, our the iterative algorithm of Theorem [3.1](#FPar19){ref-type="sec"} is well-defined and valid.
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